Abstract. In this paper we prove a weighted sum formula for multiple harmonic sums modulo primes, thereby proving a weighted sum formula for finite multiple zeta values. Our proof utilizes difference equations for the generating series of multiple harmonic sums. We also conjecture several weighted sum formulas of similar flavor for finite multiple zeta values.
Introduction
For integers k 1 , . . . , k d ≥ 1 and a prime p, we put Note that several similar weighted sum formulas for multiple zeta values are already known [1, 5, 6] , and somewhat different weighted sum formulas for A-finite multiple zeta values were proved by Kamano in [3] .
In Section 2, we prove Theorems 1 and 2. In Section 3, we conjecture several weighted sum formulas of similar flavor.
proof of main theorem
Throughout this section, we fix an arbitrary odd prime p.
2.1.
Restatement of the main theorem by a generating function. For x 1 , . . . , x d ∈ F p (x) \ F p , we put
Here we understand that f (x 1 , . . . ,
for every k ≥ 0. Thus Theorem 1 is equivalent to the statement that
holds for every positive odd integer d < p and i ∈ {1, . . . , d}.
2.2.
Evaluation of f (x, . . . , x).
Proof. Put a 0 = 1 and
On the other hand,
Proof. Since
we have
Proof. Applying Lemma 4 to the case d = a+b+1 and (x 1 , . . . ,
It is immediate from the definition that
We have
and
Lemma 7. For a, b ≥ 0, we have
Proof. By applying Lemma 6 to the case d = a+b+1, i = a+1 and (x 0 , . . . ,
x, . . . , x), we have
By the argument in Section 2.1, Theorem 1 is equivalent to saying that
for a, b ≥ 0 such that a + b is an even integer less than p − 1. We will prove (2.1) for a, b ≥ −1 such that a + b is a non-negative even integer less than p − 1 by induction on a + b. First, (2.1) is obvious if a = −1, b = −1, or (a, b) = (0, 0). Assume that a ≥ 0, b ≥ 0, and a + b ≥ 2. By Lemmas 5 and 7, we have
By Lemma 7 and the induction hypothesis, for b > 0 we have
We can check by direct computation that (2.3) is also true for b = 0.
By Lemma 5 and the induction hypothesis, for a > 0 we have
We can check by direct computation that (2.4) is also true for a = 0. By (2.2), (2.3) and (2.4),
we see that q(x) has no pole at x = 0, which implies that c 0,k = 0. Thus q(x) = 0, which proves (2.1). Now we prove Theorem 2. The equality (1.1) is an immediate consequence of Theorem 1. To prove (1.2), we use the following well-known lemma (for the proof of this lemma, see [7, Prop 2 .9] for example).
It is well known that k1,...,ks≥1 k1+···+ks=k
for s ≥ 1 (see [2] ). By Lemma 8, we have (2.7)
By (2.5), we have
By (2.6), we have
By (2.7), (2.8), and (2.9), we have
Therefore (1.2) follows from (1.1). Thus Theorem 2 is proved.
Further conjectures
We define a general weighted sum of finite multiple zeta values by
We list several conjectural weighted sum formulas for finite multiple zeta values that are different from Theorem 2.
Conjecture 9. For k, r ∈ Z ≥1 , we have Remark 12. Conjecture 9 is a special case of Conjecture 11.
